Chapter 7:
Calculus of Several Variables

7.1:
Functions of Several Variables:



R = 90x + 110y


IQ = 


V = xyz      and S = 2xy + 2xz + 2yz
Function of Two Variables:
A function f of the two independent variables x and y is a rule that assigns to each ordered pair (x, y) in a given set D (the domain of f ) exactly one real number, denoted by f (x, y).

Domain Convention:   Unless otherwise stated, we assume the domain of f  is the set of all (x, y) for which the expression f (x, y) is defined.

For the following functions, find the domains and compute certain f (x, y).

Ex, Cobb-Douglas production functions measure output quantity as a function of capital (K) investment and size (L) of the labor force.




Q(K, L) = AKαLβ       where A, α, β are constants

Suppose that a certain factory has a Cobb-Douglas production function:


Q(K, L) = 60K1/3L2/3   for K in units of $1K and L in worker hours.
Compute the output if capital investment is $512,000 and 1000 worker hours are used.

Graphs of Functions of Two Variables:
The graph of a function of two variables is the set of all triples (x, y, z) such that (x, y) is in the domain of f  and z = f (x, y). A three dimensional coordinate system is needed to picture such graphs




z




            x

Look at graphs on pp 563 for 3D surfaces

Because it is usually not easy to sketch a function of two variables without computer graphics, we often use what are called level curves


Look at graphs on pp565
Level Curves in Economics:
Curves of constant product or isoquants


If output, Q(x, y) = C, then the graph is a level curve of production = C

Indifference curves from Utility functions, where U(x, y) measures total satisfaction derived from having x units of one commodity and y of another


U(x, y) = C is an indifference curve

Ex,
Suppose the utility derived by a consumer from x units of one commodity and y units of a second commodity is given by:




U(x, y) = x3/2y 


If the consumer currently owns x =16 units and y = 20 units, find

the consumer’s current level of utility and sketch the corresponding indifference curve.



Look at computer graphics on p 567.

HW 7.1: pp 568-570:
5-37 odd, 41, 43.

7.2:
Partial Derivatives of Functions of Two Variables


Partial differentiation:
The process of finding the rate of change of one variable when the other is held constant. For example:


Q (x, y) = 5x2 + 7xy       quantity in units where x is skilled workers and 






   y is unskilled labor

The partial derivative of Q with respect to (wrt) x is denoted Qx(x, y)



Qx(x, y) = 5(2x) + 7(1)y = 10x + 7y



Qy(x, y) = 7x
Suppose z = f (x, y), the partial derivative of f  wrt x is denoted by:







or

fx(x, y)



(obtain by differentiating f  wrt x treating y as a constant)

The partial derivative of f  wrt y is denoted by:








or

fy(x, y)


(obtain by differentiating f  wrt y treating x as a constant)

Ex, Find the partial derivatives fx and fy if 



    f (x, y) = x2 + 2xy2 +




Ex,    Find the partial derivatives 
   and 

for   z = (x2 + xy + y)5

Ex, Find the partial derivatives fx and fy   if   f (x, y) = xe – 2xy 

Geometric Interpretation of Partial Derivatives (p 576)






fx  =       = slope in x direction 
  fy  =        = slope in y direction

Marginal Analysis:
Delta change in output due to a 1-unit input increase

Estimates of weekly output at a certain factory are given by the function: 


Q (x, y) = 1200x + 500y + x2y – x3 – y2   where x is # of skilled workers









  and y is # of unskilled workers


Currently the workforce consists of 30 skilled and 60 unskilled workers. Use marginal analysis to estimate the change in the weekly output resulting from the addition of 1 more skilled worker to the workforce if the number of unskilled workers is not changed.

Recall that Cobb-Douglas production functions are of form:




Q(K, L) = AKαLβ   

The partial derivative of Q wrt K is the Marginal Productivity of Capital


and QK(K, L) measures the rate at which output Q changes wrt capital expenditure when the size of the labor force is held constant.

Similarly, QL(K, L) is called the Marginal Productivity of Labor and measures the rate of change of output wrt labor level when capital expenditure is held constant.

Ex, Suppose monthly output of a certain factory is given by:



Q(K, L) = 50K0.4L0.6
K is in $1K and L in worker-hours (wh)

  a)
Find QK and QL when capital expenditure is $750K and wh are 991.

  b)
Should the manufacturer increase capital or labor to increase output?

Two commodities are called substitute commodities if an increase in demand for either results in a decrease in demand for the other.



Example:
Butter and margarine


Two commodities are said to be complementary commodities if a decrease in the demand of either results in a decrease in demand of the other.

 

Example:
35mm cameras and 35mm film.

We can use partial derivatives to determine whether two commodities are substitute or complementary by using partial derivatives.

Suppose D1(p1, p2) units of the first commodity and D2(p1, p2) units of the second are demanded when the unit prices are p1 and p2 respectively.


It is reasonable to expect demand to decrease with increasing price

For substitute commodities, the demand for each increases wrt to the price of the other.


For complementary commodities, the demand for each decreases wrt the price of the other.

Ex,
Suppose the demand function for flour is given by:



   D1(p1, p2) = 500 +            – 5p2 


while the corresponding demand for bread is given by:



   D2(p1, p2) = 400 – 2p1 + 





   where p1 is the dollar price of a pound of flour and p2 is the price of a loaf of bread.

Determine whether flour and bread are substitute or complementary or neither.

Second Order Partial Derivatives:
If z = f (x, y), the partial derivatives


Of   fx wrt x is:



fxx = (fx)x     or

      =

Of   fx wrt y is:



fxy = (fx)y     or

      =

Of   fy wrt x is:



fyx = (fy)x     or

      =

Of   fy wrt y is:



fyy = (fy)y     or

      =
Ex,
Compute the four second order partial derivatives of:



 f (x, y) = xy3 + 5xy2 + 2x + 1

(Note: fxy and fyx , called mixed 2nd order partial derivatives are virtually always equal)

Suppose the output Q at a factory depends on the amount of capital (K) invested in the plant and also the size (L) of the labor force in wh. Give an economic interpretation of the second order partial derivative:




    =   

HW 7.2: pp 583-586:
5-15 odd, 25, 27, 29, 31, 35, 37, 41, 45, 51, 55, 61.

7.3:
Optimizing Functions of Two Variables


For C(x, y), what values of x0 and y0 result in minimal cost?


For Q(K, L), what values of K0 and L0 result in maximum output?

Recall using f '(x) to help find max or min values of f (x) ?

Relative Extrema:
The function f (x, y) is said to have a relative maximum at the point f (a, b) in the domain of f  if f (a, b) ≥   f (x, y) for all points (x, y) sufficiently close to P.



Likewise, f (x, y) has a relative minimum at Q(c, d) if 

Q(c, d) ≤   f (x, y)  for all points (x, y) sufficiently close to Q.

Critical Points:
The points (a, b) in the domain of f (x, y) for which the partial derivatives fx and fy both exist and both fx(x, y) = 0 and fy(x, y) = 0.

Although all relative extrema must occur at critical points, not every critical point of a function is necessarily a relative extremum. Look at saddle point on p 590.

The Second Partials Test: Suppose that (a, b) is a critical point of the function f (x, y). Let 






D = fxx(a, b) fyy(a, b) – [fxy(a, b)]2



If D < 0, then f  has a saddle point at (a, b).


If D > 0, and fxx(a, b) < 0 then f  has a relative maximum at (a, b).


If D > 0, and fxx(a, b) > 0 then f  has a relative minimum at (a, b).


If D = 0, then the test is inconclusive and could be any of above.



Sign of D

Sign of fxx 

Behavior at (a, b)




+


+

Relative Minimum




+


–

Relative Maximum




–




     Saddle Point

Find all the critical points for the function f (x, y) = x2 + y2 and classify each as a relative maximum, minimum, or saddle point.

Do the same for f (x, y) = x2 – y2
Do the same for f (x, y) = x3 – y3 + 6xy 

Ex,
A small grocery store carries two brands of cat food. One is a local brand that it obtains at a cost of 30 cents/can and the other a national brand it obtains at a cost of 40 cents/can. The grocer estimates that if the local brand is sold at x cents/can and the national at y cents/can, approximately 70 – 5x + 4y of the local brand and 80 + 6x – 7y of the national brand will be sold each day.

How should the grocer price each brand to maximize total daily profit?

HW 7.3: pp 596-597:
1-9 odd, 15, 23, 25.

7.4:
The Method of Least Squares (or Regression Analysis)





Ex,
Use the least-squares criterion to find the equation of the line that is closest to the three points:
(1, 1), (2, 3), (4, 3)



The Least-Squares Line:
for n points (x1, y1), (x2, y2),∙∙∙∙, (xn, yn)


The line is y = mx + b, where
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and 
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Ex,
Use the formulas above to find the least-squares line for the points: 

(1, 1), (2, 3), (4, 3)

	x
	y
	xy
	x2

	
	
	
	

	
	
	
	

	
	
	
	

	∑x =
	∑y =
	∑xy =
	∑x2 = 


HW 7.4: p 607:
1, 3, 5, 7.
7.5:
Constrained Optimization – Method of Lagrange Multipliers

In many applied problems, a function of two variables is to be optimized subject to a restriction or constraint on the variables.

For example, say an editor, constrained to stay within a fixed budget of $60K, wants to decide how to divide the money between development and promotion in order to maximize future sales. The function f (x, y) where x is an amount of money allocated for development and y the amount allocated for promotion is to be maximized subject to x + y = 60000

We have solved constrained optimization problems before (ex 3.5.1, Ch 3.5)


This involved two equations in two variables

A more versatile technique, the method of Lagrange multipliers, introduces a third variable (the multiplier) to solve the problem.

Any relative extremum of f (x, y) subject to a constraint g(x, y) = k, must occur at a critical point of the function:


F (x, y) = f (x, y) – λ [g(x, y) – k]
      λ  is the Lagrange multiplier

To find the critical points of F we must find the partials Fx , Fy ; Fλ . Next we set equal to 0 and solve the simultaneous equations.


Fx  = fx – λ gx 

Fy  = fy – λ gy 

Fλ  = – (g – k)

 fx – λ gx = 0

fy – λ gy = 0

– (g – k) = 0


    fx = λ gx 


    fy = λ gy 


      g = k

Next, evaluate f (a, b) at each critical point (a, b) of F.

We will assume that if f  has a constrained maximum (or minimum), it will be given by the largest (or smallest) of the critical values f (a, b).

The highway department is planning to build a picnic area for motorists along a highway. It is to be rectangular with an area of 5,000 yd2 and is to be fenced off on the three sides not adjacent to the highway. What is the least amount of fencing that will be needed to complete the job?


  x








   y    picnic area   y









           Highway



Let f (x, y) = x + 2y 
the amount of fencing required, subject to






xy = 5000 (constraint)


Find:
    fx = λ gx 


    fy = λ gy 


      g = k
Find the maximum and minimum values of the function:

f (x, y) = xy 
subject to 

x2 + y2 = 8 (constraint)

Find:
    fx = λ gx 


    fy = λ gy 


      g = k
Applications to Economics:
Maximization of Utility 
U(x, y)

A consumer has $600 to spend on two commodities, the first of which costs $20 per unit and the second $30 per unit. Suppose that the utility derived from x units of the first and y units of the second is given by:


U(x, y) = 10x0.6 y0.4

We want to maximize utility


Max of U(x, y)    subject to constraint of    20x + 30y = 600



An editor has been allotted $60,000 to spend on development and promotion of a new book. If x thousand is spent on development and y thousand on promotion, approximately:




f (x, y) = 20x3/2y    copies of the book will be sold


How much should be spent on each to maximize sales?



The significance of the Lagrange multiplier is that one may solve constrained optimization problems without actually obtaining a numerical value of λ .

The Lagrange Multiplier:
Suppose M is the maximum (or minimum) value of f (x, y), subject to the constraint g(x, y) = k. The Lagrange multiplier λ  is the rate of change of M wrt k.









  λ  =  





λ  ≈   change in M due to a 1-unit increase in k.

Ex,
Suppose the editor has been allotted $61,000 instead of $60,000. Estimate how the added $1,000 will affect the maximum sales level

Why the Lagrange multiplier works



HW 7.5: pp 623-628:
1-9 odd, 17, 19, 21, 27, 38&39, 41, 57.

7.6:
Double Integrals over Rectangular Regions

The Double Integral over a Rectangular Region


The double integral 
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Over the rectangular region


R: a ≤   x ≤  b, c ≤   y ≤  d


Is given by the two iterated integrals
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That is:
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Evaluate:
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Where R is the rectangular region  -2 ≤   x ≤  1, 0 ≤   y ≤  5,


using x integration first and then y integration

Evaluate:
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Where R is the rectangular region  0 ≤   x ≤  2, 0 ≤   y ≤  1

Applications of Double Integrals:


Volume Formula: If f (x, y) ≥  0 for all points (x, y) in the rectangular 

region R, then the solid under the graph of f  and above the region R has volume given by
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Find the volume under the graph of   f (x, y) =        and above the rectangular 

region R: 0 ≤   x ≤  1, 1 ≤   y ≤  2

Average Value of a function f (x, y) over the rectangular region R is:
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In a certain factory the output is given by the production function:


Q(K, L) = 50K3/5 L2/5

K is in $1K and L in wh

Suppose monthly capital investment varies from $10K to $12K while monthly labor varies between 2,800 and 3,200 worker hours. Find the average monthly output for the factory. 

HW 7.6: pp 640-642:
1-9 odd, 25, 27, 55, 57, 59, 65, 67, 77, 79.
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F '(x) = f (x)

a ≤ X ≤ b
100m


   a





 y





(z


(x





(z


(y





2y


3x





(z


(x





(z


(y





   10


 p1 + 2





    7


 p2 + 3





 ( 2z


 (x2





 (z


 (x





 ( 


(x





 (z


 (x





 ( 


(y





 ( 2z 


(y(x





 (z


 (y





 ( 


(x





 ( 2z


(x(y2





 (z


 (y





 ( 


(y





 ( 2z


 (y2





(z


(y





(z


(x





( 2Q


(L2





z





z





y





y





x





x





( 2Q


(L2





 ( 


(L





(Q


(L





dM


dk





d





c





a





b





y





x





 x


 y








_1128602689.unknown

_1360416665.unknown

_1360416834.unknown

_1128603866.unknown

_1128767455.unknown

_1128602971.unknown

_1128522009.unknown

_1128522359.unknown

_1128520971.unknown

_1125155716.unknown

