Review

Functions:

Remember a function is a rule that assigns to each object in a set A exactly one object in a set B.


Functional notation: 
y = f (x)


f (x) = x2 + 4


g (t) = (t – 2)½  

Composition of functions:



(g o h)(x) = g(h(x))

The graph of a function f consists of all points (x, y) where x is in the domain of f and y = f (x)

x- and y-intercepts:


For y-intercept, set x = 0 and solve for y


For x-intercept, set y = 0 and solve for x
Intersections of Graphs:



Linear Function:
A function in form:




f (x) = mx + b

Horizontal and Vertical Lines

The Point-Slope form:
y – y0 = m(x – x0)
is the equation of the 

line that passes through the point (x0, y0) and has slope equal to m.

Parallel and Perpendicular lines


L1 and L2 are parallel iff m1 = m2    


L1 and L2 are perpendicular iff m2 =    

Limit:
lim f (x) = L


x(c


Continuity

The derivative


    f (x)






x


    f '(x) =
lim 






h(0
Techniques of Differentiation





     (xn) = nxn-1






       [f (x) + g(x)] =        + 
   = 
f ' + g '
(fg)' = fg' + gf '



          (    )' = 
Marginal analysis estimates the effect on quantities (cost, revenue, etc) when the level of production is changed by a unit amount. If C(x) is the cost of producing x units of a certain commodity, then


Marginal cost:

MC(x) = C'(x)


Marginal revenue:
MR(x) = R'(x)


Marginal profit:
MP(x) = P'(x)

The Chain Rule





 g[h(x)] = g'[h(x)] h'(x)


The General Power Rule for real n and differentiable function h




[h(x)]n = n[h(x)]n-1 
[h(x)] 

Critical Number:
A number c in the domain of  f  is called a critical 



number if either:






f '(c) = 0 

or f '(c) does not exist

Critical Point: The point (c, f (c)) on the graph of f that corresponds to



a critical number c is called a critical point.

Concavity

Inflection Point:
a point on a graph where concavity changes

Optimization:
Maxima and Minima

Exponential Growth Model:
Q(t) = Q0e kt  for k > 0

Exponential Decay Model:
Q(t) = Q0e –kt  for k > 0

Logarithmic Functions:
logb x = y
((
b y = x

e ln x = x 
for x > 0
and ln e x = x 
for all x
Properties of Logarithms


Equality rule:
ln u = ln v 

iff
u = v


Product rule:
ln uv = ln u + ln v


Quotient rule:
ln 
 = ln u – ln v 

Power rule:
ln u r = r ln u 

The Derivative of ln x 


(ln x) = 
, for x > 0


For  y = ln[u(x)]



y' = 



The Derivative of e x  


      (e x) = e x 


For y = eu(x) 



y' = u'(x)eu(x)
Chapter 5:
Integration

5.1:
Antidifferentiation:
 The Indefinite Integral


Antiderivative – A function F(x) for which 





F '(x) = f (x)
for every x in the domain of f is  








said to be an antiderivative of f (x). 



F '(x) = f (x) 
can also be written as 

 = f (x)


Verify that   F(x) =   x3 + 5x + 2 
is an antiderivative of    f (x) = x2 + 5 

A function has more than one antiderivative

Fundamental Property of Antiderivatives :
If F(x)  is an antiderivative 

of the continuous function  f (x), then any other antiderivative of  f (x) has the form:


G(x) = F(x) + C
  

The family of all antiderivatives of  f (x) is symbolized by the indefinite 
integral of  f:
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Integral sign
integrand
     dx
constant of integration

Rules for Integrating Common Functions


The constant rule:
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for constant k

The power rule:
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for all n ≠ -1

The logarithmic rule:
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for all x ≠ 0

The exponential rule:

[image: image5.wmf]1

kxkx

edxeC

k

=+

ò


for constant k ≠ 0

Find the following integrals:

Algebraic Rules for Indefinite Integration

The constant multiple rule:
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  for constant k
The sum rule:
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The difference rule:

[image: image8.wmf][()()]()()

fxgxdxfxgx

-=-

òòò



Find the following integrals:

Ex,
Find the function f (x) whose tangent has slope 3x2 + 1 for each value of x and whose graph passes through the point (2, 6).

Ex, 
A manufacturer has found that marginal cost is 3q2 – 60q + 400 dollars per unit for q units produced. The total cost of producing the first 2 units is $900. What is the total cost of producing the first 5 units?

Ex,
A retailer receives a shipment of 10,000 Kg of rice that will be used up over a 5-month period at a constant rate of 2,000 Kg per month. If storage costs are 1 cent per Kg per month, how much will storage cost over the next 5 months?

HW 5.1, pp381-383:
1, 3, 5-25 odd, 29, 31, 35, 39, 43, 45, 49, 51, 55.
5.2:
Integration by Substitution


Recall the differential of y = f (x)  is  dy = f '(x)dx
Using Substitution to Integrate
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p386

1. Choose a substitution u = u(x) that simplifies the integrand f (x).


2. Express the entire integral in terms  u  and  du = u'(x)dx

3. The integral should now have the form:
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    Evaluate the new integral by finding an antiderivative 

    G(u) for g(u).

4. Replace u by u(x) in G(u) to obtain an antiderivative 

    G(u(x)) for f (x) so that:
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Ex, Find:
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Ex, Find:


[image: image13.wmf]4

32

x

xedx

+

ò


Ex, Find:
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Ex, Find:
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Ex, Find:
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Ex, Find:
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Ex, Find:
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Ex,
The price p (dollars) of each unit of a commodity is estimated to be changing at the rate:
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where x is units in hundreds

and it’s given that 400 (x = 4) units are demanded when price is $30/unit.

a. Find the demand function p(x).

b. At what price will 300 units be demanded? At what price for zero units?

c. How many units are demanded at $20/unit?

HW 5.2, pp 394-396:
1-31 odd, 35, 39, 43, 51, 53, 55.

5.3:
The Definite Integral and the Fundamental Theorem of Calculus:

Area of a region under a curve of f (x)




Let f (x) be continuous and satisfy f (x) ≥ 0 on the interval a ≤ x ≤ b. Then the region under the curve  y = f (x) above the said interval has area



A  =  lim  [f (x1) + f (x2) + ∙∙∙∙+ f (xn) ] Δx      where   Δx =      


             n → ∞


Approximate the area under the curve f (x) = 2x + 1   over  1 ≤ x ≤ 3.

Use n = 6



The Definite Integral.
Let  f (x)  be a continuous function on the 

interval  a ≤  x ≤ b. The definite integral over the interval is denoted below and is the Area of 

the region under the curve of  y = f (x).
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Area Under a Curve
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where F(x) is the antiderivative of f (x).

The Fundamental Theorem of Calculus: If f (x) is continuous on the interval a < x < b, then 
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where F(x) is any antiderivative of f (x) on the interval a < x < b.
Use the fundamental theorem of calculus to find the area of the region under the line  y = 2x + 1  above the interval  1 ≤  x ≤ 3.

Evaluate the following definite integrals:

Rules for Definite Integrals

Let f and g be any functions continuous on interval  a < x < b, then
1.
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2.
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3.
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4.
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Let f (x) and g(x) be functions continuous on interval -2 < x < 5 that satisfy:
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Use this to evaluate each of the following definite integrals:


a) 
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b)
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Substituting in a Definite Integral

Net Change:
In certain applications we are given the rate of change 

Q'(x) of a quantity Q(x) and are required to compute net change in Q(x) as x varies from a to b. Find Q(b) – Q(a) or ∆Q.
Net Change (NC) of a quantity given a rate of change.
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Ex, Marginal cost is 3(q – 4)2 dollars per unit at production level q. How much will total manufacturing expenses be increased if production is raised from 6 to 10 units?

HW 5.3, pp 410-411: 5-31 odd, 35, 41, 45, 47, 51, 53, 57.
5.4:
Applying Definite Integration: Area Between Curves and 


Average Value
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Intuitively, the Definite Integral can be thought of as a process that “adds up” an infinite number of small pieces of a given quantity to obtain a “total” quantity.

Procedure to use Definite Integration in Applications 

Step 1
Divide the interval a ≤ x ≤ b into n equal subintervals, each of   length    Δx = 

For j = 1, 2, …, n.  choose a number xj 

Step 2
Approximate small parts of the quantity Q  by products of the form  f (xj)Δx. 

Step 3
Then add the individual contributions to estimate the total quantity Q:




[f (x1) + f (x2) + ∙∙∙∙+ f (xn) ]Δx

Step 4
Make the approximation in step 3 exact by taking its limit as 
n → ∞  to express Q as a definite integral:
 Q = 
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The Area Between Two Curves



If f (x) and g (x) are continuous on interval a ≤  x ≤ b with f (x) ≥  g (x) and if R is the region bounded by the graphs of f  and g and the vertical lines 
x = a  and  x = b, then
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= Area between two curves
Find the following areas of bounded regions:







The area of the region enclosed by the 






curves:   y = x2    and     y = x3   








The area of the region enclosed by the






line  y = 4x    and curve  y = x3 + 3x2 



Net Excess Profit:
Suppose that t years from now, two investment plans will be generating profits P1(t) and P2(t) with respective rates of profitability P1'(t) and P2'(t) and satisfy conditions P2'(t) ≥ P1'(t) for the first N years where 0 ≤ t ≤ N.



The Excess Profit of plan 2 over plan 1 at time t is:


E(t) = P2(t) – P1(t)



The Net Excess Profit over the time period 0 ≤ t ≤ N is:



[image: image36.wmf]21

00

()(0)()[()()]

NN

NEENEEtdtPtPtdt

¢¢

¢

=-==-

òò


Ex, Suppose P1'(t) = 50 + t 2  and P2'(t) = 200 + 5t      both in ($100/yr)

a) For how many years does P2' exceed P1' ?

b) Compute NE for the time period from part (a). Interpret the net excess profit as an area.


Lorentz Curves:
A device for measuring distribution of wealth 


For y = L(x), 0 ≤ x ≤ 1




Gini Index:
If y = L(x) is the equation of a Lorentz curve, then the inequality in the corresponding distribution of wealth  is measured by the Gini Index, which is given by
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Ex,
A government agency determines that the Lorentz curves for the distribution of income for dentists and contractors are given by:


Dentists:
L1(x) = x1.7

Contractors:
L2(x) = 0.8x2 + 0.2x 



For which profession is the distribution of income more fairly distributed?
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Average Value of a Function:
The average value AV of the continuous function f (x) over the interval a ≤ x ≤ b is given by the definite integral
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Ex, A manufacturer determines that t months after introducing a new product, the company’s sales will be S(t) thousand dollars, where:
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For a new product, what are the average monthly sales over the first 6 months?

HW 5.4, pp 427-431: 1, 3, 7, 11, 19, 21, 31, 33, 39, 43, 45, 47, 57.
5.5:
Additional Applications to Business and Economics

Useful Life of a Machine



Ex, Suppose that when a machine is t years old it is generating revenue at the rate R'(t) = 5000 – 20t2 $/yr and that operating and servicing costs are accumulating at the rate C'(t) = 2000 + 10t2 $/yr.
a. What is the useful life of the machine?

b. Compute the machine’s net profit over the useful life period.

Future Value and Present Value of an Income Flow

The Amount of an Income Stream (A stream of income transferred continuously into an account in which it earns interest over a specified time period or term.) The strategy to approximate the continuous income stream by a sequence of discrete deposits is called an annuity.
Ex, Money is transferred continuously into an account at a constant rate of $1,200 per year earning interest at 8% compounded continuously. How much money will be in the account after the end of two years?

Future Value of an Income Stream (p435): the future value of an income stream over term T is given by the following definite integral.
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Present Value of an Income Stream (p436): the present value of an income stream over term T is given by
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Ex, Decide which is the better of two investments. The first costs $1000 and is expected to generate a continuous income stream at the rate 
f1(t) = 3000e0.03t  $/yr. The second costs $4000 and is estimated to generate income at the constant rate of f2(t) = 4000  $/yr. If the prevailing annual interest rate remains fixed at 5% compounded continuously over the next 5 years, which investment is better over the 5 yr time period.
The Consumers’ Demand Curve and Willingness to Spend

    p = D(q), and A(q) is the total amount consumers are willing to spend


then A '(q) = D(q) 


The total amount that consumers are willing to spend for q0 units is:
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Ex,
Suppose the consumers’ demand function for a commodity is:



D(q) = 4(25 – q2)   $/unit

a)
Find the total amount of money consumers are willing to spend to get three units of the commodity


b)
Sketch the demand curve and interpret the answer to part (a).

Consumers’ and Producers’ Surplus




Consumers’ Surplus:
If q0 units of a commodity are sold at a price of p0 per unit and if p = D(q) is the consumers’ demand function, then



 


   =




        –
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Producers’ Surplus:
If q0 units of a commodity are sold at a price of p0 per unit and if p = S(q) is the producers’ supply function, then






   =



       –
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Ex, 
A tire manufacturer estimates that q (thousand) radial tires will be purchased (demanded) by wholesalers when the price is 





p = D(q) = –0.1q2 + 90    $/tire 


and the same number of tires will be supplied when price is





p = S(q) = 0.2q2 + q + 50    $/tire


a)
Find the equilibrium price and quantity supplied 


b)
At equilibrium, find the consumers’ and producers’ surplus

HW, 5.5, pp 442-444:
1, 3 7-17 odd, 21, 25, 27, 29, 33.
5.6:
Additional Applications to Life and Social Sciences
Survival and Renewal Functions


Survival function:
the fraction of individuals in a group that can be expected to remain in the group for any specified period of time.


Renewal function:
the rate at which new members arrive.

Ex,
The fraction of patients who will still receive treatment at a new clinic t months after their initial visit is given by:
f (t) = e –t/20 

The clinic will initially accept 300 patients and plans to accept new patients at a rate of 10 per month. Approximately how many people will be receiving treatment at the clinic 15 months from now?

Survival and Renewal:
Suppose a population initially has P0 members and that new members are added at a renewal rate of R(t) individuals per year. Further, the fraction of population that remain for at least t years is given by the survival function S(t) . At the end of a term of T years, the population will be:
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Ex, A mild toxin is introduced to a bacterial colony with current population 600,000. Renewal rate is R(t) = 200e0.01t bacteria per hour at time t and the Survival rate for t hours is S(t) = e -0.015t. What is the population after 10 hours?
Ex,
Find an expression for the rate (cm3/sec) at which blood flows through an artery of radius R if the speed of the blood r cm from the central axis is:

S(r) = k(R2 – r2), where R is the radius of the artery and k is a constant.

Population Density
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Ex,
A city has population density  
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 where p(r) is the number of people (in thousands) per square mile at a distance of r miles from the city center.

a. What population lives within a 5-mile radius of the center? 
b. The city limits are set at a radius R where the population is 1000 ppl/sq mile. What is the population within the city limits?
Volume of a Solid of Revolution





[image: image49.wmf][

]

2

Volume of ()

b

a

Sfxdx

p

=

ò


Ex, Find the volume of the solid S formed by revolving the region under the curve y = x2 + 1 from x = 0 to x = 2 about the x-axis.
HW, 5.6, pp 458-461:
1, 3, 7, 9, 11, 17, 23, 29, 35.
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