Chapter 4:
Exponential and Logarithmic Functions

4.1:
Exponential Functions

Def:
An exponential function is a function of form:


f (x) = bx ,

where b is a positive real number other than 1

Definition of bn:
for n a rational number and b > 0
(p 293)
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Graph 
f (x) = 2x

and  g (x) = (½)x

Basic properties of Exponential Functions:
for bases a > 0, b > 0,
  b ≠ 1 and x, y reals
(p 295)

1. For f (x) = bx, f (x) is defined, continuous; positive for all x 
2. The x axis is a horizontal asymptote of the graph of f (x)
3. The y intercept of f (x) is (0, 1); there is no x intercept
4. For b > 1

lim bx = 0   and   lim bx = +∞
                           x→-∞                            x→+∞
For 0 < b < 1
lim bx = +∞ and lim bx = 0 
                           x→-∞                           x→+∞
5. For all x, the function is increasing if b > 1 and decreasing
if 0 < b < 1
Exponential Rules (p 296)
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Let’s graph:
f (x) = b x ,
for b = 2, b = 3, b = ½ , b = ⅓


     x    2x      3x   (½)x   (⅓)x

            -1
             0
             1
             2
The natural number, e 



Let’s look at the expression:

             n











1 + 




Put y1 = (1 + 1/x)^x in TI-83 and look at table




Compound Interest:



           kt


Def on p 299

B(t) = P   1 + 





Continuously Compounded Interest



Def on p 299

 B(t) = Pe rt


Suppose $1,000 is invested at an annual interest rate of 6%. Compute the balance after 10 years if the interest is compounded:


(a) Quarterly
(b) Monthly
(c) Daily
(d) Continuously

Present Value of Money:
How much principal do I have to invest today to have a desired balance t years from now?     (p 301)


Sue is about to enter college. When she graduates four years from now, she wants to take a trip to Europe that she estimates to cost $5,000.

How much should she invest now at 7% to have enough for the trip if interest is compounded:



(a) Quarterly
(b) Continuously

Effective Interest Rate Formulas (p 302): If interest is compounded at the normal rate r, the effective interest rate is the simple annual interest rate re, that yields the same interest after 1 year.


Compounded k times per year;
re = (1+ i)k – 1   where i = 


Compounded continuously
re = er – 1 
Ex 4.1.8  Which is better, an investment that earns 10% quarterly, one at 9.95% compounded monthly, or one at 9.9% compounded continuously?

HW 4.1, pp 303-306:

1-21 odd, 33, 35, 37, 55, 57, 59.

4.2:
Logarithmic Functions


For x > 0 and b any positive real number other than 1, the logarithm of x to the base b is the unique exponent y such that b y = x.



And we write:
logb x = y
((
b y = x

Evaluate:
(a)
log10 1000

(b)
log2 32
(c)
log5 



Solve:
(a)
log4 x = ½ 

(b)
log64 16 = x 


log10 x = log x

loge x = ln x
Find:
(a)
ln e 
(b)
ln 1
(c)
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(d)
ln 2

Simplify:
(a)
e ln x

(b)
ln e x



The Inverse Relationship Between e x and ln x



e ln x = x 
for x > 0
and ln e x = x 
for all x 



x = y

iff
     ln x = ln y





Solve for:
3 = e 20x 

and

2 ln x = 1

Properties of Logarithms (for b a valid base number)


Identities:

logb 1 = 0

logb b = 1

Equality rule:
logb u = logb v 

iff
u = v


Product rule:
logb uv = logb u + logb v


Quotient rule:
logb
  = logb u – logb v 

Power rule:
logb u r = r logb u 


Comparison of Log and Exponential props in Table 4.1, p 310.
Use properties of logarithms to rewrite the following in terms of 


log5 2 and log5 3.

Use rules of logarithms to expand the following expressions.

Find: 
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Show that: 
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Find x if: 

2x = e3

Conversion of Logarithms


loga x = 




Evaluate log5 3.172

Ex 4.2.10, If $1000 is invested at 8% annual interest, compounded continuously, how long would it take the investment to double? Does the size of the investment matter?

Doubling Time: for any quantity Q(t) = Q0e kt that grows exponentially


  t =




Show that a radioactive substance that decays has a half-life 



of:
h = 




HW 4.2, pp 320-322:1-9 odd, 13, 15, 19 - 27 odd, 31, 33, 37, 39, 41, 43, 45, 53, 55.

4.3:
Differentiation of Logarithmic and Exponential Functions
The Derivative of e x  


  (e x) = e x 
The Chain Rule for Exponential Functions



    (e u(x)) = e u(x)


u'(x) eu(x)

Differentiate:
 f (x) = e



Differentiate:
f (x) = xe2x



The Derivative of ln x 


(ln x) = 
, for x > 0

Differentiate:
f (x) = x ln x 

Differentiate:
g(t) = (t + ln t)3/2




The Chain Rule for Logarithmic Functions



   [ln u(x)] =              
= 




Differentiate:
f (x) = ln (2x3 + 1)

Find an equation for the tangent line to the graph of f  (x) = x – ln x½ 


at the point x = 1.

A manufacturer estimates that x units of a particular commodity will be sold when the price is:
p(x) = 112 – x ln x3
hundred dollars / unit.

Find the Revenue and Marginal Revenue functions. Next use marginal analysis to estimate the revenue from the fifth unit. Compare to actual revenue obtained from producing the fifth unit.

A manufacturer estimates that

D(p) = 5,000e – 0.02p
units of a particular commodity will be sold when the price is p dollars per unit. Determine the market price p that will result in the largest revenue.


a)
Find the elasticity of demand for this commodity. Determine



where p is elastic, inelastic and of unit elasticity.

b) If price is raised by 3% from $40, what happens to demand?

c) Find and maximize the revenue function where q =D(p) units

are demanded at p $/unit.

Logarithmic Differentiation:
A function that involves products quotients or powers can often be simplified by first taking the logarithm of the function.
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HW 4.3, pp 336-337:
1, 3, 5, 7, 13, 15, 19, 47, 57, 59, 65, 69, 73, 75, 77.

4.4:
Additional Exponential Models

The Standard Normal pdf

 f (x) 
=
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Exponential Growth Model:
Q(t) = Q0e kt  for k > 0


Def on p 343


Biologists have determined that under ideal conditions, the number of bacteria in a culture grows exponentially. Suppose that 2,000 bacteria are initially present in a culture and that 6,000 are present 20 minutes later. How many bacteria will be present at the end of 1 hour?

Exponential Growth: 
For Q(t) = Q0e kt 

1. The rate of change of Q wrt t is proportional to its size

Rate of Change = Q'(t)  = kQ(t)

2. The percentage rate of change of Q wrt t  is constant

Percentage rate of change = 100          = 100k
Exponential Decay Model:
Q(t) = Q0e – kt  for k > 0


Def on p 343


A certain industrial machine depreciates so that its value after t years is given by a function of form:
Q(t) = Q0e – 0.04t  . After 20 years the machine is worth $8,986.58.


What was its original worth?

Learning Curves:
Functions of the form
Q(t) = B – Ae –kt


Where B, A and k are positive constants.


Ex 4.4.5:
The rate at which a postal clerk can sort mail is a function of the clerk’s experience. Suppose the postmaster of a large city estimates that after t months on the job, the average clerk can sort:


Q(t) = 700 – 400e -0.5t    letters per hour

(a) How many letters can a new employee sort per hour?

(b) How many letters can a clerk with six months experience sort?

(c) Approximately how many will a clerk ultimately be able to sort?


Logistics Curves:
Functions of the form:
Q(t) =                          



Ex 4.4.6:
Public health records indicate that t weeks after the outbreak of a certain form of influenza, approximately 
Q(t) = 




thousand people had caught the disease.

(a) How many people had the disease when it broke out? How 

people had it two weeks later?

(b) At what time does the rate of infection begin to decline?

(c) If the trend continues, approximately how many people will 

eventually contract the disease?

HW 4.4, p 350-351:21, 23, 28, 29, 31, 33. (Graph only on calculator)
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