Chapter 3:
Additional Applications of the Derivative








3.1:
Increasing and Decreasing Functions


f (x) is increasing on an interval where f '(x) > 0


f (x) is decreasing on an interval where f '(x) < 0

Procedure for determining intervals of increase and decrease (p 193)

Critical Number:
A number c in the domain of f  is called a critical 



number if either:







f '(c) = 0 

or f '(c) does not exist

Critical Point: The point (c, f (c)) on the graph of f  that corresponds to



a critical number c is called a critical point.



Three critical points where f '(x) = 0


Three critical points where the derivative is undefined



The first derivative test for relative extrema



How to use the first derivative to graph a continuous function f.

1. Determine domain of f .
2. Find f '(x). Determine and mark critical numbers. Then analyze f '(x) to determine intervals of increase and decrease.
3. Plot each critical point. (also x- and y-intercepts)
4. Sketch as smooth curve.
Find the intervals of increase and decrease for f (x) = 2x3 + 3x2 – 12x – 7 


then find the relative extrema and sketch the graph

Find all the critical numbers for:
f (x) = x4 + 8x3 + 18x2 – 8


then draw the graph


Sketch the graph of:

f (x) =






HW 3.1, pp 202-203:
1, 3, 5, 7, 9, 11, 23, 27, 37, 43, 45, 49, 51, 55, 57.
3.2:

Concavity and Points of Inflection


     y











    x

If the function f (x) is differentiable on interval a < x < b, then f  is:


concave upward on a < x < b if f '(x) is increasing on the interval


concave downward on a < x < b if f '(x) is decreasing on interval



Test for concavity:


If f ''(x) > 0 on a < x < b, then f  is concave upward on this interval


If f ''(x) < 0 on a < x < b, then f  is concave downward on interval

Inflection Point:
a point on a graph where concavity changes


      y









  x

2nd Order Critical Numbers:
Values of x in domain of f  for which 






f ''(x) = 0 

or f ''(x) does not exist



Determining Concavity and Locating Inflection points

1. Find f ''(x) and determine where f ''(x) = 0 or f ''(x) DNE.

2. Mark 2nd order critical #s and evaluate test #s in f ''(x).

3. Inflection points occur where concavity changes

Determine where the function f (x) = 2x3 – x2 – 4x + 2 is increasing, 

decreasing, concave upward, and concave downward. Find the relative 

extrema, inflection points and draw the graph.



The Second Derivative Test


Suppose f '(a) = 0
      If f ''(x) > 0, then f has a Rel Min at x = a





      If f ''(x) < 0, then f has a Rel Max at x = a

( If f ''(a) = 0 or f ''(x) DNE then test is inconclusive.)



Use the 2nd derivative test to find the relative extrema of:



f (x) = 2x3 + 3x2 – 12x – 7 






Ex,
An efficiency study of the morning shift of a factory indicates

 that an average worker who arrives at 8:00 A.M. will have produced:


Q(t) = – t 3 + 9t 2 +12t   units   t hours later. At what time during the morning shift is the worker performing most efficiently?

HW 3.2, pp 220-223:

1, 5, 7, 19, 21, 27, 29, 35, 43, 47, 53, 57, 59.

3.3:
Curve Sketching and Limits Involving Infinity


Let R(x) =


R(x) has a vertical asymptote, x = c, whenever






q(c) = 0 but p(c) ≠  0

The horizontal line y = b is called a horizontal asymptote of y = f (x) if


lim  f (x) = b

or 

lim  f (x) = b
       x( -∞




         x(+∞



Find all asymptotes of the function f (x)  = 


and graph it.

To find vertical asymptotes, solve for q(x) = 0. 


For all c where q(x) = 0 and p(x) ≠ 0, draw all x = c

To find horizontal asymptote, compare degrees of lead terms of R(x)


For R(x) = 



If n < m, 

then:

 y = 0



If n = m, 

then:

 y = 



If n > m, 

then:    No HA


A General Procedure for Sketching the Graph of f (x)


1.
Find the domain of f (x)   (Where f (x) is defined).

2. Find and plot all intercepts (x-intercepts may require TI-83).

3. Determine all VA and HA and draw on coordinate plane.
4. Find f '(x) and determine critical #s and intervals of     and     .
5. Determine all relative extrema (Plot with caps and cups).
6. Find f ''(x) and determine intervals of concavity and IPs.
7. Plot additional points if needed and smoothly connect points.
Sketch the graph of:

f (x) = 



If total cost:
C(q) = 3q2 + 5q + 75. 

Find minimum Average Cost




A(q) = 

Sketch the graphs of f (x) = x ⅔

and 

f (x) = (x – 1)⅓




HW 3.3, pp 234-236:

1-13odd, 17, 23, 25, 29, 33, 35

3.4:
Optimization; Elasticity of Demand


Absolute Maxima and Minima of a Function:
Let f  be a function 




  on an interval I that contains the number c. Then


f (c) is the absolute maximum of f  on I if f (c) ≥   f (x) for all x in I

f (c) is the absolute minimum of f  on I if f (c) ≤   f (x) for all x in I

The Extreme Value Property:
A function f (x) that is continuous on the


closed interval a ≤  x ≤  b attains its absolute extrema on




the interval either at an endpoint on the interval or at a




critical number c such that a < c < b.

Finding absolute extrema of a continuous function on a closed interval
1.
Find all x-coords of critical #s of f  in interval a ≤  x ≤  b.

2. Compute f (x) for all critical #s and for f (a) and f (b).

3. Select the largest and smallest functional values from step 2.

Find the absolute extrema of:
f (x) = 2x3 + 3x2 – 12x – 7


On interval:
-3 ≤  x ≤  0


Finding absolute extrema on intervals that are not closed.




Find the absolute maximum and absolute minimum (if any) for:



f (x) = x2 + 

x > 0



The Second Derivative Test for Absolute Extrema:
Suppose f (x) is 

    continuous on interval I where x = c is the only critical # and f '(c) = 0.


if f ''(c) > 0, then the absolute minimum of f (x) on I is f (c)


if f ''(c) < 0, then the absolute maximum of f (x) on I is f (c)

A manager estimates total cost of manufacturing q thousand units of a 


commodity will be:
C(q) = 0.4q2 + 3q + 40
$K, 
and all units 


can be sold at price:
p(q) = 22.2 – 1.2q

$/unit


a)
Determine level of production for maximum profit.

b) At what level of production is average cost minimized?

c) At what level is average cost equal to marginal cost?

Two General Principals of Marginal Analysis


Marginal Analysis Criterion for Maximum Profit (Def on p247)



P(q) = R(q) – C(q) 
is maximized when


R'(q) = C'(q)

and

R''(q) < C''(q)

Marginal Analysis Criterion for Minimal Average Cost (Def on p248)

A(q) is minimized when:
A(q) = C'(q)

Price Elasticity of Demand:
Measures sensitivity of demand for a






certain product to changes in its price.

Remember the % change of a function formula:


       %   change in f  = 100
        ≈  100 




If q = D(p) units of a commodity are demanded when the unit price is p, then the price elasticity of demand for the commodity is given by



E(p)  = 


≈    

If | E(p) | > 1, the demand is said to be elastic
If 0 < | E(p) | < 1, the demand is inelastic
If | E(p) | = 1, the demand is unitary
Ex 3.4.6:
A manufacturer estimates that q = 240 – 2p units of a commodity will be sold when the price is p $/unit, for 0 <  p < 120.

a) Express the elasticity of demand as a function of p.

b) Calculate the elasticity of demand when p = 100. Is demand elastic, inelastic, or unitary at this price?

c)
Calculate the elasticity of demand when p = 50 and interpret.

d)
For what price is elasticity of demand equal to –1?


R(p) = pq(p)


     = q(p)( E(p) + 1)

If | E(p) | > 1, then R'(p) < 0  and  R(p)    , and demand elastic.

If 0 < | E(p) | < 1, then R'(p) > 0 and R(p)    , and demand inelastic.

If | E(p) | = 1, then R'(p) = 0  and R (p) is maximized (unitary).

Ex 3.4.7,
The manager of a bookstore determines that when a certain new novel is priced at p dollars per copy, the daily demand will be:


q = 300 – p 2 copies , where  0 ≤  p ≤  (300)½
a) Determine where price is elastic, inelastic, and of unit elasticity

b) Interpret the results of part (a) in terms of behavior of total revenue as a function of price.

HW 3.4, pp 254-255:

1-15 odd, 17, 19 23, 25, 33.

3.5:
Additional Applied Optimization

Ex 3.5.1:
The highway department is planning to build a picnic area along a highway. It is to be rectangular with an area of 5000 sq yd and is to be fenced off on three sides not adjacent to the highway. What is the least amount of fencing required to do the job?

Ex 3.5.3:
A manufacturer can produce souvenir T-shirts at a cost of $2 apiece. The shirts have been selling for $5 apiece, and at this price, tourists have been purchasing 4000 shirts a month. The company is planning to raise the price of the shirts and estimates that for each $1 increase in price, 400 fewer shirts will be sold each month. At what price should the company sell the shirts to maximize profit?

Ex 3.5.6:
A bus company will charter a bus that holds 50 people to groups of 35 or more. If a group contains exactly 35 people, each person pays $60. In large groups, everybody’s fare is reduced by $1 for each person in excess of 35. Find the size of the group for which revenue is maximized.

HW 3.5, p 270:
5, 7.
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