Chapter Two

Differentiation: Basic Concepts

2.1
The derivative


Remember Ex 1.4.5, the manufacturer’s profit function for sales

of reams of paper:

P(x) = (6000 – 400x)(x – 2)

    P(x)






x






m = 

Compute the slope of the secant through two points on the curve y = x2  


The derivative of the function f (x) wrt x is the function f '(x) given by:


    f '(x) =
lim 






h(0
The derivative, f '(x), is an expression for the slope of the line tangent to the curve of f (x) at any point x in the domain of the function.
The process of computing the derivative is called differentiation 

We say f (x) is differentiable at c if f '(c) exists

The slope of the tangent line to the curve y = f (x) at the point (c, f (c))

is given by:
mtan = f '(c)

The function f (x) changes at the rate of f '(c) wrt x when x = c
Compute the derivative of f (x) = x3 and then use it to find the slope of the line tangent to the curve f (x) = x3 at the point where x = -1. What is the equation of the tangent line at this point?

Significance of Sign of f '(x);
If f  is differentiable at x = c, then


f  is increasing at x = c if f '(c) > 0



f  is decreasing at x = c if f '(c) < 0

Compute the derivative of f (x) = x½ , and find the equation of the line tangent to the curve at x = 4. Also, find the rate at which f (x) is changing at x = 1.



f '(x) =


and 

 f '(c) = 





Continuity of a function:
If a function is differentiable at x = c, then it is also continuous at x = c. 

Differentiable function:
A function that is differentiable at all values of x in its domain is a differentiable function.

HW 2.1, pp 1112-116:

1 thru 35 oan, 47, 57, 59.

2.2:
Techniques of Differentiation

The constant Rule:
For any constant c, 








    (c) = 0

  The derivative of a constant is 0







(The slope of a horizontal line is 0)

The Power Rule:
For any real number n,





     (xn) = nxn - 1


The Constant Multiple Rule:
If c a constant and f(x) differentiable,





     (c f (x))  =  c



The Sum Rule:

If f (x) and g(x) are differentiable, then so is 





their sum.
    S(x) = f (x)  + g(x), 






and 
    S'(x) = f '(x) + g'(x),





       [ f (x) + g(x)] =       + 



It is estimated that x months from now, the population of a certain community will be:
P(x) = x2 +20x + 8000

(a) At what rate will the population be changing with respect to time 15 months from now?

(b) By how much will the population actually change during the 16th month?

Percentage rate of change of a quantity(Q)







 = 100













 = 

The gross domestic product (GDP) of a certain country was:


N(t) = t 2 + 5t + 106
$Billion t years after 1998
(a) At what rate was the GDP changing wrt time in 2008?

(b)
At what percentage rate was the GDP changing wrt time


in 2008?

HW 2.2, pp 125-127:
1-29odd, 37, 41, 51, 55, 57, 59, 61.

2.3:
The Product and Quotient Rules; Higher Order Derivatives


If f (x) and g(x) are differentiable at x, then so is their product.


    P(x) = f (x)g(x), 



and 
    P'(x) = f (x)g'(x) + g(x)f '(x)




     ( f g)' = f g' + g f '
Find an equation for the tangent line to the curve of f (x), where


f (x)= (2x + 1)( x 2 – x + 3) at the point x = 0.

      If f(x) and g(x) are differentiable functions, then so is their quotient.




  Q(x) =

whenever g(x) ≠  0




 Q'(x) = (   )' = 







The second derivative of a function is the derivative of the derivative. If y = f (x), the second derivative is denoted by






or

f ''(x)


Find the second derivative of f (x) = 5x4 – 3x2 – 3x + 7


Find the second derivative of f (x) = x2(3x +1)


An efficiency study of the morning shift at a certain factory indicates

the average worker who arrives on the job at 8:00 A.M. will produce:




Q(t) = -t 3 + 6t 2 + 24t 

units t hours later

a) Compute the worker’s rate of production at 11:00 A.M.

b) At what rate is the worker’s rate changing wrt time at 11:00?

The nth Derivative; For any positive number n , the nth derivative of a function is obtained by differentiating successively n times. For y = f (x)



The nth derivative is denoted by

or
f (n)(x)




Find the fifth derivative of:
a)
f (x) = 4x3 + 5x2 + 6x – 1








b)
f (x) = 



HW 2.3:
pp 138-140:
1, 3, 7, 9, 17, 21, 27, 29, 33, 37, 43, 45, 49, 55.

2.4:
The Chain Rule:


Suppose y is a differentiable function of u, and u is a differentiable function of x. Then y is a composite function of x,  y = f [g(x)]  and  






=







The Chain Rule in functional notation:
If f (u) and g(x) are 









  differentiable functions, then





 f [g(x)] = f '[g(x)] g'(x)


The General Power Rule for real n and differentiable function h




[h(x)]n = n[h(x)]n-1 
[h(x)] 

An environmental study of a community suggests average daily CO

 levels will be given by:
c(p) = 
[image: image1.wmf]2

0.517

p

+

   CO level in ppm with 

population, p, in Ks

Population estimates in t years are:
p(t) = 3.1 + 0.1t 2   

At what rate will the CO level be changing wrt time in 3 years?

HW 2.4, pp 151-153:
1 – 17 odd, 23, 27, 31, 35, 39, 45, 51-61 odd, 65, 67.

2.5:

Marginal Analysis and Approximation Using Increments

Marginal analysis estimates the effect on quantities (cost, revenue, etc) when the level of production is changed by a unit amount. If C(x) is the cost of producing x units of a certain commodity, then


Marginal cost:

MC(x) = C'(x)


Marginal revenue:
MR(x) = R'(x)


Marginal profit:
MP(x) = P'(x)

A manufacturer estimates that when x units of a particular commodity 

are produced, the total cost will be:
 C(x) =     x2 + 3x + 98 and that all units will be sold when the price is:
p(x) =  25 –     x     $/unit

(a) Estimate the cost of producing the 9th unit. What is the actual cost?

(b) What is the revenue function? Estimate the revenue derived from selling the 9th unit. What is the actual revenue?

(c) Find the profit function, sketch it, and determine the level of production for maximum profit. What is the marginal profit at the optimum level of production?

Approximation by Increments:

If f (x) is differentiable at x = x0
and Δx is a small change in x, then


If 

Δ f = f (x0 + Δx) – f (x0)


then

Δ f ≈  f '(x0)Δx
Suppose the total cost of manufacturing q units is:
3q 2 + 5q + 10


If the current level of production is 40 units, estimate how the total


cost will change if 40.5 units are produced.

Suppose the daily output of a certain factory is:
    Q(L) = 900L1/3  units

where L is size of labor force measured in worker-hours. Currently 1000 worker-hours of labor are used each day. 

Use calculus to estimate the number of additional worker-hours of labor that will be needed to increase daily output by 15 units.

Percentage change of a quantity:




Percentage change = 100







Approximation Formula for Percentage Change: 



Percentage change in  f  =  100

 ≈
100




The gross domestic product (GDP) of a certain country was:


N(t) = t 2 +5t + 200
$Billion t years after 2000

Use calculus to estimate the percentage change in the GDP during 


the first quarter of 2008.

Differentials:
The differential of x is dx = Δx, and if y = f (x) is a differentiable function, then dy = f '(x) dx is the differential of y.


Find the differential of y = f (x) for the following functions:


a)
f (x) = x3 – 7x2 + 2

HW 2.5, pp 163-164:

1, 3, 7, 9, 11, 13, 15, 17, 18, 19, 20, 21.

2.6:

Implicit Differentiation


Functions we have seen so far have been explicit functions


of form:
y = f (x)

like:

f (x) = 3x2 +10x + 80

Some functions are not explicit but are implicit:

Such as a circle:
for center, C(h, k)

(x – h)2 +( y – k)2 = r2 


Take a circle of radius 5 and center of (2, 1)



(x – 2)2 +( y – 1)2 = 52  



x2 – 4x + 4 + y2 – 2y + 1 = 25



x2 – 4x + y2 – 2y = 20

HW 2.6, p 175-176:
1-13 odd
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