Chapter 1:
Functions, graphs, and Limits

1.1
Functions

Remember a function is a rule that assigns to each object in a set A exactly one object in a set B 


Functional notation: 
y = f (x)


f (x) = x2 + 4


g (t) = (t – 2)½  







if x < 1


  f (x) = 




3x2 + 1
if x > 1

Find the domain of f (x) = 

Functions used in Economics


p = D(x) 

(price p is a function of demand of x units)

Revenue
R(x) = (# of items sold)(price per item) = xp = xD(x)


Cost is C(x)
and Profit

P(x) = R(x) – C(x)

Ex 1.1.5.  Market research indicates that consumers will buy x thousand units of a particular coffee maker when: 

   The unit price in dollars is:

p = – 0.27x + 51 

   And the cost of producing x thousand units in $K is:









C(x) = 2.23x2 + 3.5x + 85

Find R(x) and P(x) and determine at what values of x is production of coffeemakers profitable 

Ex 1.1.6.
Suppose the total cost of manufacturing q units of a certain commodity is given by the function:



C(x) = q3 – 30q2 + 500q + 200


a.)  Compute the cost of manufacturing 10 units of the commodity

b.)  Compute the cost of the 10th unit of the commodity.

Composition of functions:



(g o h)(x) = g(h(x))

Find g(h(x))
when g(u) = u2 + 3u + 1
and h(x) = x + 1


Find  f (x – 1)   if    f (x) = 3x2 +    + 5

A difference quotient is an expression of general form:

Ex,
A study of a community suggests that that average daily level of CO in the air will be:
c(p) = 0.5p + 1
  in ppm  when p is in K’s 

It is estimated that t years from now the population of the 

community will be:

p(t) = 10 + 0.1t 2 

in K’s

(a) Express the level of CO in the air as a function of time.

(b) When will the CO level reach 6.8 ppm?

HW 1.1, pp 10-13:
1 thru 55 oan, 61, 64, 67.

1.2 The Graph of a function

The graph of a function f consists of all points (x, y) where x is

in the domain of f and y = f (x)

How to sketch a graph 

1. Choose values of x and evaluate corresponding f (x)’s

2. Plot ordered pairs

3. Connect points with a smooth curve.


Graph:  f (x) = x2 







2x ,
if  0 < x < 1

Graph:
 f (x)  =
2/x ,
if  1 < x < 4





3 ,
if  x > 4


x- and y-intercepts:


For y-intercept, set x = 0 and solve for y

For x-intercept, set y = 0 and solve for x

Graph:
f (x) = -x2 + x + 2
Include all x- and y-intercepts

      x   f (x)



Parabolas are functions of form:
y = Ax2 + Bx + C
A ≠  0

To graph a parabola:


1.


2.


3.

(Look at Example 1.2.5 before doing HW#39)


Graph:
f (x) = x3 – x2 – 6x 
Use intercepts and TI-83


`






[-3, 4]1,[-20, 25]5

Intersections of Graphs:


Find the intersection of the graphs f (x) = 3x + 2   and   g(x) = x2 



Power functions, Polynomial functions and Rational functions





Vertical Line Test:
A curve is the graph of a function if and only if 




  no vertical line intersects the curve more than once.




HW 1.2, pp 24-27:
1, 3, 7, 11-31 odd, 35, 37, 39, 43, 47.

1.3 Linear Functions

Suppose a manufacturer’s total cost consists of a fixed overhead cost of $200 plus production costs of $50/unit. Express the total cost as a function of units produced and draw the graph.


Let x be the number of units produced


Then C(x) = Total cost = (cost/unit)(# of units) + overhead




  x   C(x)



Linear Function:
A function in form:




f (x) = mx + b

where m is called the slope and b is called the y-intercept



Find the slope of the line joining points (-2, 5) and (3, -1)



Horizontal and Vertical Lines




The Slope-Intercept form of the equation of a line



Find the slope and y-intercept of 3y = -2x + 6 
then draw the graph



The Point-Slope form:
y – y0 = m(x – x0)
is the equation of the 

line that passes through the point (x0, y0) and has slope equal to m.



Find the equation of the line that passes through the point (5, 1) and whose slope is equal to ½.

Find the equation of the line that passes through the points (3, -2) and (1, 6).

Parallel and Perpendicular lines.
Let m1 and m2 be slopes of 








nonvertical lines L1 and L2. 


L1 and L2 are parallel iff m1 = m2    


L1 and L2 are perpendicular iff m2 =    

Let L be the line 4x + 3y = 3

Find the equation of a line L1 parallel to L through P(-1, 4) 



Find the equation of a line L2 perpendicular to L through Q(2, -3) 



HW 1.3, pp 39-41: 1-5 oan, 9-45 oan.
1.4
Functional Models

EX 1.4.1:
The highway department is planning to build a picnic area 
for motorists along a major highway. It is to be rectangular with an area 
of 5000 yd2 and is to be fenced off on the three sides not adjacent to the highway.



Express the number of yards of fencing required as a function 
of the length of the unfenced side.

EX 1.4.5:
A manufacturer can produce printer paper at a cost of $2 per ream. The paper has been selling for $5 per ream, and at that price, customers have been buying 4,000 reams a month.  The manufacturer is planning to raise the price and estimates that for each $1 increase in 
price, 400 fewer reams will be sold each month.

Express the manufacturer’s monthly profit as a function of the price at which the reams are sold.


Sketch the graph of the profit function and determine what price corresponds to maximum profit and what max profit is.


Profit = (# of reams sold)(profit/ream)



Market Equilibrium:
The Law of Supply and Demand




EX 1.4.6:
Market research indicates that manufacturers will supply x units of a certain commodity to the marketplace at price p = S(x) dollars /unit and the same number of units will be demanded at price p = D(x) dollars/unit.

At what level of production x and unit price p is market equilibrium achieved if the supply and demand functions are:

S(x) = x2 + 14
and
D(x) = 174 – 6x 

(sketch graph)



Break-Even Analysis


A manufacturer can sell a product for $110/unit. Total cost consists of a fixed overhead of $7,500 plus production costs of $60/unit.


Find break-even, P(100), and how many sold for $1,250 profit.

HW 1.4, pp 56-61:
1, 3, 39, 43, 45, 46, 49, 52.

1.5 Limits 



Limit:
lim f (x) = L


x(c

 What if x approaches a value for which the function is not defined?

Functions for which limits exist



Functions for which limits do not exist



Algebraic Properties of Limits: (If limits of f(x) and g(x) exist.)


lim [f(x) + g(x)] = lim f(x) + lim g(x)


x(c


     x(c
   x(c


lim [f(x) – g(x)] = lim f(x) – lim g(x)


x(c


     x(c
   x(c




lim [kf(x)] = k lim f(x) 


x(c

         x(c


lim [f(x)g(x)] = [lim f(x)][lim g(x)]


x(c


 x(c
         x(c




lim 

  = 



if limit of g(x) ≠  0


x(c




lim [f(x)]p = [lim f(x)]p 
if [lim f(x)]p exists


x(c

     x(c

      x(c

Limits of two linear functions, for k a real number


lim k = k       and        lim x = c


x(c



x(c




Find the limits of:


If p(x) and q(x) are polynomials, then


lim p(x) = p(c)

lim

=
     , q(c) ≠  0



x(c



x(c

Find the limits of:

Limits Involving Infinity



Reciprocal Power Rules


If A and k are constants with k > 0 and xk is defined for all x,
then:



lim       =  0          and          lim       =  0



x→+∞




x→-∞

Procedure to Evaluate a Limit at Infinity for f (x) = 





1. Divide each term of f (x) by highest degree xk in q(x).


2. Compute limits using properties and power rules.

Find the limits of:

(Infinite limits p 73)
HW 1.5, pp 73-75:
1-37 oan

1.6
One-Sided Limits and Continuity


A one-sided limit of a function is a limit in which the approach is either from the right or the left. (AKA from above or below)

Consider the following inventory restocking example:






For f (x) = 



, evaluate the following limits:



Look at the graph of  f (x) = 







Find the limit of f (x) as x

approaches 4 from the left


and from the right

Existence of a limit: The two-sided limit of a function exists iff the two one-sided limits from above and below exist and are equal.

Continuity is defined as unbroken or uninterrupted succession.


A function is continuous if its graph has no holes or gaps.

Holes:


Gaps:



A function is continuous at c if:

(a) f (c) is defined

(b) lim f (x) exists

x(c
(c) lim f (x) = f (c)

x(c
If f (x) is not continuous at c, it is said to have a discontinuity there

Show that p(x) = 3x3 – x + 5
is continuous at x = 1


Show that f (x) = 


is continuous at x = 3

Discuss the continuity of the following functions:



Continuity on an interval:
A function is said to be continuous over an open interval a < x < b, if it is continuous at each x in the interval

The Intermediate Value Property:
A continuous function attains all values between any of its two values.




Show that:
x2 – x – 1 = 


has a solution for   1 < x < 2

HW 1.6, pp 86-89:
1-39 oan, 51, 57.
    1


x - 1





-1


m1 





lim f(x)


x(c


lim g(x)


x(c





 f(x)


 g(x)





p(c)


q(c)





p(x)


q(x)





x + 1


x – 2





   1


x + 1





    1


 x – 3 





1


x





  p(price)








  x(units)





  p(x)


  q(x)





1 – x2    if x < 2


2x + 1   if x > 2





 x – 2 


 x – 4 





A


xk





A


xk








