Chapter 3 Some Special Distributions

Section 3.4 The Normal Distribution
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Consider the integral [ = J e 2 dy . This integral exists since ¢ 2 is continuous and

—oo

y2

boundedby O<e 2 < e , for —o0 < y < oo and J e DI dy=2e .

To evaluate the integral I consider the following work. Note, that / >0 and
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I I=1"= Je 2 dy Je 2 dz :>IZ=J Je 2 dydz . We evaluate this
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integral by changing to polar coordinates.
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Let y=rcosf and z=rsin@. The Jacobean of the transformation is given by

sin@ =< and cos@ =

dy dy .
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J = rcoszﬁ—(—rsinzﬁ) =rcos’@+rsin’f = r(cos%’ sin29) =
Let u
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Now, I? = jj 2 |J|drae fT S drdo - jje“dude
0 0
=Tl d0 =27 = I==*J2r Since >0 wehave [=+27.
0

I=J e_Tdyzx/ﬁ = J‘ﬁeryzl.



Now, introduce a new variable, say ¥ = X n 4. = dy 2% dx where b >0.
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f (x) = ﬁei 2 . where —co< x<oo Note: f (x) satisfies the conditions of

being a pdf of the continuous type random variable. It’s called the Normal distribution function

and it’s denoted by X~N(u,02) or X~N(u,0').

Moment generating function
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- e darid . _xz_(%zt”a)“az I Novz comp2lete the square
M(l): Jb\/lﬁe 2b% dx = ijﬁe 2p2 dx (2bt+2aj =(b21+a)2
- = 2
o xz—(2b2t+ 2a]x+(h2t+ af —[b27+ af+ a? - [rf[[#t +a] : _[bZI +a]2+az
M (I) = J. b\/lﬁ e 252 dx = Iﬁe b2 dx
1
2 2 2 2
[bZH—aJ a e [x—(b e [bZH'a] -a? [b2t+a—aj[b2t+a+a]
—, 22 1 - 2 _ 2 _ 2
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M(t)z e 26? —e 2 =e 2 at Hence, M(t):e 2



Now, we would like to find a and b . Work for the derivative, M (t) . Let
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y=e ? and u=-5—+ar then y=e".
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by S o) )= ()= o) a )

dt  du' dr

=a’+b*.
=0

M (t)= M (1)(b*) + M (1)(a + b%)

=a . Since, 4 = M(0)=a = a=u.

since, 0>=M"(0)=(M'(0)) = a*+b* -’ = b* = b =0,

Now, the probability density function, pdf, and the mgf can be written in terms of 4 and o .
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f(x) = ngez(a) ; where —co<x<oo and M(t)=e 2 .

IfX~N(,u=0,O'2=1) then f(x) =ﬁeiT : where —oo< x<oo andit’s

called the standard normal distribution.

Properties of the Normal distribution:

1. Symmetric about /f .
1
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3. The points at x = 4 £ O are points of inflection.

2. Has the maximum at x = &/ and is

Points of
Inflection




Theorem 1: If the random variable X ~ N ( U, 0'2) , then the random variable W = % has

a normal distribution with £ =0 and o0=1; i.e W ~ N(O , 1) )

ow+ U 771ﬂ2
Proof: G(W)=P(W <w)=P(¥GE<w)=P(X <ow+u)= | (Nlﬁez(")dx.
' _71(0'w+0_/1—ﬂ)2 J ,i(w)z w2
g(w)=G(W)—G\}E .W(O'w+,u)—0=0;me Lo =p=e
W2
Hence g(w) = \/;—”e_T ;. —oco<Ww<oo and W~N(0,l).

If the random variable X ~ N ( U,o 2) , then P( X = cl) =( since X is a continuous

random variable.

P(c, <X <¢,)=P(X<c,)-P(X <¢)=P(W
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Example: If X ~ N(2 , 25) , compute P(OS X < 10).
P(0<X <10)=P(X <10)-P(X <0)=P(W <18=22)— p(w <2)
P(0< X <10)=P(W <1.6)— P(W £-0.4)=0.945-0.345=0.60

Example: Compute P(#—20< X < u+20).
P(i-20<X <p+20)=P(L2ZE<w <28 ) = p(2<W <2)

o o

= P(W <2)- P(W <-2)=0.977 —.023=0.954

Example: Suppose that 10 percent of the probability distribution that is N ( U,O 2) is below
60 and that 5 percent is above 90. Find ¢4 and O .

We are going to need two equations since we have two unknowns.

I. P(X <60)=0.10 = P(W<2££)=0.10 = %~ =—-1.282 from the table.

o

2. P(X 290)=0.05 = P(W<2#£)=0.95 = L£=1.645 from the table.
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Now, solving for & and O, we found that #£=73.1 and 0 =10.2.



Theorem 2: If the random variable X ~ N ( H,O 2) , then the random variable
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V= (%) has a Chi-square distribution with ¥ =1 degrees of freedom ; i.e V ~ /'{(Zrzl).

Proof: Note that V =W? implying that V >0 and where W = X;,u ;ie W~ N(() , 1) )

G(V)=P(V<v)=P(W><v)=P(—Jv <W <y | =2P(0 < W < /v )since the
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function is even. So, G(V)

P y y
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g(v)zG(V)zZﬁe 2 %(\/;)—Oz%éT.x‘ﬁ =rlsre’ = Ly2 e ?

< 1, v
Since g(v)isapdf; ie J‘%VZ e 2dv=1 implies that \/;=F(%)
0 V72
Vv

e? ; 0<v<oo; ie V~,’((2r=1).

Hence, g (v) = " 11)25 v%
2

Homework: 3.4: 5,8,10,12 and 13 pp. 168-169 .



