Chapter 3 Some Special Distributions

Section 3.3 The Gamma and Chi-Square Distributions

Gamma: From calculus we know that jy“‘l e’ dy exists for & >0 and that the value of the

integral is a positive number. F I te? dy is called the Gamma function.
0

Integration By Parts

If o = 1thenF a 1 :Iy“ ‘ydy:Ie‘ydyzl.
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If @ >1then [(a)=(a=TI)|y*? eV dy=(a —1)Jy(0‘_1)_1 eVdy=(a-1)I'(a-1).
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Accordingly, if « is a positive integer greater than 1, then
()= (@ -1)(@—2)(@—3)..( 3)( 2)( YT (F=(a—1)

Note: Since I'(1) =1, suggests that 0!=1.

Now consider the Gamma function, F j y“~ e’ dy , and the change of variable
0
Y =2 where 5 >0.
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Now divide both sides by I' (). We have 1= a5 ‘([X e 7 dx. Since,
a>0, f>0,and I'(«)>0, we have a new probability density function (pdf) called the

Gamma fuction, f ( ) x“ e ﬁ dx ;0 < X<oo. So,the random variable X has a

[« )ﬁ'a
Gamma function with parameters & and £ and it’s denoted by X ~Garrma(a, ) .



Find the Moment Generating Function, mgf, of the Gamma function.
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M (t) -E (etX) - ! F(al)ﬂa etXXa_le_% = '([ F(al)ﬂa Xa_le_x(%_t) dx = ]i F(al)ﬂa Xa_le_x(%) dx
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M (t)= (1-;0“ or (1—,3t)_a where (1-ft) >0 =t <.

Mean and Variance of the Gamma function

M'(t)=—a (1= Bt) “"(=p) and M (0)=—a (1~ B.0) “(-B)=af = u=-ap.

M (t)= aﬂ[—(a +1)(1- ,Bt)‘”"2 (—ﬂ)} and

M"(o):aﬂ[_(ml)(l— ﬂ.O)‘“‘z(_ﬂ)}a(au)ﬁz |

o? =M"(0)~(M(0)) =a(a+1) 5 —(ap) =a’f* + af* —a*f* = af’ = o = aff’.

Chi-Square Distribution

Now, let & =% where I' is a positive integerand f=2. f(x)=—L+x>e 2 ;0<x<w.

M (t)=——or (1—2t)_£ where t<3i.

(1-2t)2

X has a Chi-square distribution with I degrees of freedom and it’s denoted by X ~ ]{(Zr) .
U =(%)2 =I and o° :(%)22 =2r

Examples 3.3.5 and 3.3.6 on pp. 153-154.



Example 3.3.6. Consider the Gamma function where X ~ Gamma(%, 5);

f(x)=—L7x2e 7dx;0<x<oo. IfY =2X findthe pdf of Y .

By

Start from G(Y)=P(Y <y)= P(ZTxg y): P(x g%): j‘ r(1) _ TP dx
o I'(3)8?

() =6 (V)=—Lr(2) e P g (2)-0=—L () e Fh(4)

rq -y
g(y):_lryz 1e 27 0<y<o0. Hence, Y ~)((2r)
e

Homework: Section3.3: 1, 2, 3, 7, 16 pp. 157-158

Note: Problem 3.3.16 should say “Find the cdf of Y =-2In(X).”



