CHAPTER 5
SECTION 5.1 Sample Means

Select a SRS of size n, X, X, ... , X,, from a distribution with mean p

- 2
and variance o".
1

_ 1 1
E(X)= E[H(x1 + X, ot xn)j -—E :H(E(X1)+ E(X,)+...+E(X,))
1 1
=—(urpt+.p)=—(nu)=u
Note: The mean of X is the same as the population mean. The sample mean
X 1s an unbiased estimator of the unknown population mean p.

The variance of the sample mean, X, is given by:

2
oy =Var(X)=Var G(x1 + X, ot xn)j :Gj Var(X, + X, +..+ X,)

= Gj (Var(X,)+Var(X,)+...+Var(X,)) = [%j (c’+0* +..+07) :%(naz) :%2

2
Note: The standard deviation of X is: o, :‘/% :% :
n

Note: As the sample size increases the variance decreases.

The sampling distribution of a sample mean

Select a sample of size n from a population that has a Normal distribution
with mean x and standard deviation o ;i.e. X ~N(u o), then the sample
mean X has a Normal distribution with mean x and standard deviation

O . —

(o}
=— ;1.6. X~N|py o, =—| .
X \/ﬁ ’ (,U x \/ﬁ]

EXAMPLE 1: Assume that the number of points scored in basketball
games played by a particular college team is normally distributed with
=68 and o =5. Give the sampling distribution of X for a sample of 10
games played by this team. What is the probability that the sample mean 1s
(a) less than 67 points (b)more than 70 points (¢) between 67 and 69 points.



E()Z):/,[)z:68; oy =—=—=—=1.58;  Hence, )?~N(ﬂxz68, oy =

5
—=1.58
V10 j

(a) P(X<67)= P(Z < 67_68j= P(Z <—0.63)=0.2643
[ =P(Z>127)=1-P(Z <1.27)=1-0.8980 = 0.1020

(b) P(X>=70)=P|Z >

67—-68 <7< 69 —68

1.58 1.58
= P(Z £0.63)~P(Z <-0.63)=0.7357 - 02643 = 0.4714

©) P(67<X <69)=P j=P(—0.63SZ£0.63)

Question: What is the sampling distribution of the sample mean if the
population is not Normal?

NOTE: The law of large numbers says that as the sample size increases,
the distribution of X becomes closer to a Normal distribution. This is true
no matter what the population distribution may be, as long as the
population has a finite variance. How large a sample size n is needed for X
to be close to Normal depends on the population distribution? We say that
n has to be greater than or equal to 30.

CENTRAL LIMIT THEOREM
If we select a large enough SRS from an unknown population with mean z

and standard deviation o then the sample mean X has approximately a
O

ﬁ .

Look at figure 5.3 on page 304. As the sample size increases the sampling
distribution of X is approaching Normal.

Examples 5.7, 5.8 and 5.9 pages 305 and 307.

Normal distribution with mean p and S.D.

Homework: 5.7,5.13,5.18,5.21, 5.22, 5.23,5.29 pp 308-312



Select 1000
X ~U(0,1).

Demonstration of the C.L.T.

random samples of size 50 from a uniform distribution 0,

1.2([¥1=1
0. 55
-0.1
-0, BER1 0. 4999585 1. 6E6AAL
100 —
>
e
8 50
o
(0]
T
0 —
T T T
04 05 06
C51

This is in Theory

X ~U(0, 1)

e o
cLTt: X N»hl(;g — | = X~
\/ﬁj

with mean £ =0.5 and ¢’ :é = o= ‘f% =0.2886751346

7N ( 05, 0.2886751346

V500

j = X ~N(0.5, 0.041)

Is the Theory Correct?

Variable
C51
Variable
C51

N Mean Median StDev

1000 0.50112 0.50160 0.04204
Minimum Max imum
0.38051 0.61857

1; i.e



Section 5.2 Counts and Proportions

If the experiment consists of two outcomes, we can classify them into
success and failure. We repeat the experiment n independent trials. Let the
r.v. X be the number of successes out of the n trials. If the probability of
success, P, does not change from trial to trial then the r. v. X has a
Binomial distribution with parameters n and p where n is the number of

independent 1identical trials and p is the probability of success.
X ~B(n, p)

The probability density function (pdf) or probability distribution function of
the r.v. X is given by f(X =x)=")p*(1-p)"*; x=0,1,2,...,n

Example 1: Consider a box containing only two color balls. 9 red and 3
white. We select 2 balls one at a time without replacement. Let the r.v. X
be the count of the white balls. Does the r.v. X follows a binomial
distribution?

Answer: No, the probability of success changes from trial to trial. The r.v. X
follows a binomial distribution if the selection of the balls is with replacement.

Example 2: Flip a coin twice. Let the r.v. X be the number of heads. Does
the r.v. X follows a binomial distribution? (Yes) X ~B(n=2,p=0.5)

The pdf of this experiment is:

X 0| 1]2
POx=x) | L | 1| 1
4 | 2 | 4
Let us verified it using the pdf, f(X =x)=()(0.5)*(1-0.5)**; x=0,1,2
Note: For a discrete random variables the P(X=x) = f(X=x).

for x=0; P(X =0)=(2)(0.5)°(1-0.5)>° = (0.5)’ :%
for x=1; P(X =1)=(2)(0.5)!(1-0.5)>" =2(0.5)(0.5) :%
for x=2; P(X=2)=(2)(05)*(1-0.5)*2=(0.5) :%

Verify the pdf of the r.v. X using the Binomial Table. Table C page T-6.
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Example 3: A baseball player with a batting average 30% comes to bat
four times in a game. What is the probability he will hit the ball
(@) P(x=0) (b)P(Xx=1) (c)P(x=3) (d)P(1<x<2) (Use table C)

(a) P(X =0)=.2401 (Using table C)

(b)P(X=1)= 4116

(C)P(x >3)=1-P(X <2)=1-[P(X =0)+P(X =1)+ P(X =2)] =1-(0.2401 + 0.4116 + 0.2646 ) = 1 - 0.9163 = 0.0837
OR P(X 23)=P(X =3)+P(X =4)=0.0756+.0081=0.0837

(d) Pa< X <2)=P(X =2)=0.2646

Binomial Mean and Variance
If the r.v. X follows a binomial distribution with parameters n and p,
X ~B(n, p), then the expected value and variance of X are given by
E(X)=u=np
Var(X)=0c’ =np(1-p)

o =/np(1-p)
E(X)=u=np=2(0.5)=1
In example 2 X ~B(2,0.5). Var(X)=0c" =np(l- p)=2(0.5)(1-0.5) =%

a:,/np(l— p)=%:%:%=0.7071

Normal approximation to the Binomial

If X 1s a binomial random variable and n is greater than or equal to 20, then
we can use the Normal approximation to compute probabilities for the r.v.
X. For small sample sizes we need the continuity correction since we are
going from a discrete r.v. to a continuous. For a large sample size the
continuity correction does not make very much difference to the
approximation.

Example 4: Flip a coin 20 times. let the r.v. X be the number of heads.



X ~ B(20, 0.5)
E(X)=pu=np=20(0.5)=10
o =J20(0.5)(1-0.5) =+/5 = 2.236

Actual Probabilities if you use the computer
P(X <3)=0+0+0.0002+0.0011=0.0013

P(X >15)=0.0148+0.0046+0.0011+0.0002+0+0=0.0217
P(10< X <13)=0.1762+0.1602+0.1201+0.0739 = 0.5304

Using the Normal approximation to compute the same probabilities

(Don’t forget to apply the continuity correction factor):

3.5-10
P(X <3)=P(X <35)=P| Z<
(X £3)=P(X <3.5) ( Rhe

j =P(Z <-2.91)=0.0018

P(X >15)=P(X 2145)=P[ 2> 2210 _p(z > 2 01) =0.0222
2.236
P(10< X <13)=P(9.5< X <13.5) = P(9'5_10 <7< 135—10)
2.236 2.236

=P(-0.22<Z <1.57)=P(Z <1.57) - P(Z <-0.22) = 0.9418 - 0.4129 = 0.5289
Note: If n were greater, the approximation would have been a lot better.

Homework: 5.41, 5.43, 5.45, 5.47, 5.53, 5.59, 5.61, 5.62 pp. 333-336.



